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Symmetrized Stress Tensor: We have seen in Problem Set 3 that the energy-momentum tensor
and generalized angular momentum for the Proca Lagrangian is given by

T ρµ = F ρσ∂µAσ + ηρµ L ,

M̃ρµν = Lρµν +

(
∂L

∂∂ρAµ

Aν −
∂L

∂∂ρAν

Aµ

)
.

where Lρµν ≡ (xµT ρν − xνT ρµ) is the orbital angular momentum. We will construct a symmetric
energy-momentum tensor Θµν with the following properties:

(i) It is symmetric and is conserved;

(ii) the total energy and momentum as computed from Θµν is the same as those computed from
T µν;

(iii) the angular momentum density defined by Mρµν ≡ (xµΘρν − xνΘρµ) is conserved;

(iv) the conserved charges from Mρµν agree with those obtained from M̃ρµν .

Property (ii) in the above list can be accomplished if Θµν = T µν + ∂ρH
ρµν and the surface terms

in the charges vanish. Further, suppose Hρνµ = −Hνρµ i.e., it is antisymmetric in the first two
indices. Then, the conservation part of (ii): ∂νΘµν = ∂νT µν = 0 follows from the antisymmetry

of Hρνµ which implies that ∂ρ∂νHρνµ = 0. Property (iv) will be true if Mµνρ and M̃µνρ differ by
a total derivative whose surface terms in the charges vanish.

1. Show that Hρµν = −F ρµAν leads to a symmetric energy-momentum tensor with properties
(i)-(iii).

2. Show that the energy density Θ00 is positive definite. Further, show that Θi0 is the Poynting
vector.

3. Show that property (iv) above is true.

4. Splitting the angular momentum Mµνρ = Lµνρ + Sµνρ, show that the spin angular momen-
tum is given by S0ij = Aiπj −Ajπi where πi = δL

∂0Ai

is the momentum canonically conjugate
to Ai with i, j = 1, 2, 3.

Quantization: In the Coulomb gauge (A0 = 0 and ∇ ·A = 0), one has

A(x) =

∫
d3k√

(2π)32ωk

2∑

λ=1

[
ǫλ(k) aλ(k) e−ik·x + ǫ

∗
λ(k) a∗

λ(k) eik·x
]

,

with the polarizations satisfying
∑

λ ǫλ(k)ǫλ(k) = P(k) and ǫλ(k) · ǫλ′(k) = δλλ′ . The projector
P(k) (with P(k)2 = P(k)) projects onto the subspace perpendicular to the three-vector k.

5. Show that the following canonical commutation relations

[aλ(k), a†
λ′ (k

′)] = δλλ′δ3(k − k′) ,

follows from the following ETCR (Note: Commutators not shown vanish.)

[Ai(x, t), Ej(y, t)] = i

∫
d3k

(2π)3

(
δij −

kikj

|k|2

)
eik·(x−y) .

6. Hence compute the Feynman propagator 〈0|T
(
Ai(x)Aj(y)

)
|0〉.
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