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1. Consider N real scalar fields φi (i = 1, . . . , N) whose Lagrangian density is
given by

L =
1

2

N∑

i=1

(∂µφi∂
µφi) − V (ρ) ,

where ρ ≡
∑

i φ
2

i . Show that the action is invariant under infinitesimal
global SO(N) transformations:

δφi =
∑

j

θijφj ,

where θij = −θji are real numbers. Obtain the Noether currents associated
with this internal symmetry and verify that they are indeed conserved.

2. The Lagrangian density describing the dynamics of a (massive) vector field,
called the Proca Lagrangian density, is

L = −1

4
FµνF

µν +
m2

2
AµAµ

The action corresponding to this Lagrangian density is invariant under the
Poincaré group: i.e., the set of constant translations:

x′µ = xµ + ǫµ

and Lorentz transformations

x′µ = xµ + λµ
ν xν

where ǫµ and λµν = −λνµ ≡ λµ
τη

τν are infinitesimal constant parameters.

(a) Obtain the Euler-Lagrange equation of motion for this Lagrangian
density.

(b) The Noether current associated with translations is the energy-momentum
(or stress) tensor T µν . Show that the Noether current is

T ρµ =
δL

δ∂ρAσ

∂µAσ − ηρµL

Verify that it is not symmetric but is conserved i.e., ∂ρT
ρµ = 0.
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(c) Show that the Noether current associated with the Lorentz transfor-
mation λµν is

M̃ρµν = Lρµν +

(
δL

δ∂ρAµ

Aν − δL
δ∂ρAν

Aµ

)
,

where Lρµν ≡ (xµT ρν − xνT ρµ) is the (orbital) angular momentum
that we obtained for a scalar field†. Note that the Noether current for
the vector field M̃ρµν 6= Lρµν . Further, ∂ρL

ρµν = T µν − T νµ 6= 0 since

T µν is not symmetric. However, verify that ∂ρM̃
ρµν = 0 as is expected

for a Noether current.

3. An arbitrary complex solution of the massive Klein-Gordon equation (with
mass m), Φ(x) can be expanded as follows

Φ(x) =

∫
d3k√

(2π)32ωk

(
b(k) e−ik·x + c†(k) eik·x

)

with k = (ωk,k) and ωk =
√

m2 + k · k. In the quantum theory, assume
the following commutation relations

[b(k), b†(k′)] = δ3(k − k
′) and [c(k), c†(k′)] = δ3(k − k

′) ,

with other commutators vanishing.

(a) Show that the ETCR between Φ and its conjugate momentum (as well
as similar relations for Φ∗ and its conjugate momentum) hold. Also,
verify that the [Φ, Φ] and other such ETCR’s vanish.

(b) Obtain expressions for the Hamiltonian for this system in terms of b,
b† and so on as was done for a real scalar field.

(c) Finally, evaluate the commutation relations

[Φ(x), Φ(y)] , [Φ(x), Φ∗[y] , [Φ∗(x), Φ∗(y)] ,

and express your answers in terms of known Green functions.

†We call this the orbital angular momentum in analogy with the definition of the orbital

angular momentum L = x × p for a particle.
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