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Vectors, tensors and index notation

In what follows, the Latin indices i, j, k, l, . . . denote Cartesian components
of vectors. A repeated index is assumed to be summed over, so that the result
cannot depend on that particular index. This is called the (Einstein) summation
convention, and is a very useful and powerful notational device:

• If an index appears once on the LHS of any equation (it is then called a
“free” index), it must appear exactly once on the RHS as well.

• If an index appears twice on the LHS of any equation (it is then called a
“contracted” or “dummy” index), it is to be summed over, and therefore
cannot appear in the result of the summation.

• If it appears three times or more in any equation, you’ve made a mistake
(in notation, at the very least)!

Unless specified otherwise, indices such as i, j, . . . are to be assumed to run over
the values 1, 2, 3 corresponding to ordinary three-dimensional Euclidean space.
But we will continue to use the same symbols to denote Cartesian indices in
Euclidean spaces of arbitrary dimension.

Isotropic tensors: We know that scalars, vectors and tensors of higher rank
are properly defined as (sets of) quantities that have prescribed transformation
properties under rotations of the coordinate axes. (We are restricting our at-
tention here to scalars, vectors and tensors under the group of rotations of the
coordinate axes, and not other or more general groups of transformations.)

An isotropic tensor is one whose components retain their numerical val-
ues under rotations of the coordinate axes. There are only two independent
isotropic Cartesian tensors in three-dimensional Euclidean space. They are the
Kronecker delta δij and the Levi-Civita tensor (or symbol) εijk . Their defini-
tions are

δij =
{

1, if i = j
0, if i 6= j

(1)

and

εijk =


1, if ijk is in an even permutation of 123
−1, if ijk is in an odd permutation of 123
0, in all other cases .

(2)

It is obvious that δij = δji , i. e., the Kronecker delta is a symmetric tensor.
On the other hand, εijk changes sign if any two of its indices are interchanged,
i.e., it is a totally antisymmetric tensor. It has 27 components, of which only 6
are non-zero: ε123 = ε231 = ε312 = 1 , ε132 = ε321 = ε213 = −1 . It vanishes when
any two of its indices are equal.
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The following basic relations are easily established:

δij δik = δik , and hence δii = 3 . (3)

A very useful relation between the Levi-Civita symbol and the Kronecker delta
arises when one of the indices of the former is contracted, as follows:

εijk εlmk = δil δjm − δim δjl . (4)

It follows from this relation that

εijk εljk = 2δil , and hence εijk εijk = 3! = 6. (5)

Since δij is a symmetric tensor and εijk is antisymmetric, it follows that δij εijk

vanishes identically.
The scalar (or dot) product and the vector (or cross) product of any two

vectors a and b are very conveniently expressed using the index notation and
the isotropic tensors. We have a · b = δij ai bj = ai bi . For the cross product, if
a× b = c, then ci = εijk bj ck .

1. Vector identities: This problem is meant to show you how easily various
vector identities are derived using the index notation introduced in class.
Using this notation and the properties of the symbols δij and εijk, prove
the following standard vector identities:

(a) a× (b× c) = (a · c)b− (a · b) c

(b) (a× b)× (c× d) = [a · (c× d)]b− [b · (c× d)]a

(c) (a× b) · (c× d) = (a · c) (b · d)− (a · d) (b · c)

2. (a) Let a,b, c be three non-coplanar vectors. Express the volume of the
parallelepiped formed by a ,b and c in index notation.

(b) Let Tij be a 3× 3 matrix. Show that

det T = λ εi1i2i3εj1j2j3Ti1j1Ti2j2Ti3j3 ,

for some constant λ (to be determined by you).

(c) Simplify the expressions

(a) εijk εklm εmni (b) δij δjk δkl δli .

3. Let Tij be a second-rank tensor that is symmetric, i.e., Tij = +Tji. Show
that it remains symmetric under the action of rotations. What happens
if it were anti-symmetric?
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