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This assignment is meant to be a review of time-independent perturbation
theory and the addition of angular momentum. Consider a hydrogen-like atom
with atomic number Z. We have seen that the Hamiltonian

H0 =
p2

2m
−

Ze2

r
,

(in Gaussian units) leads to a bound state spectrum, ǫn = −Ry/n2 (n =
1, 2, 3, . . .). For a given value of the principle quantum number, there are is
a degeneracy of n2 if we ignore spin. In other words, there are n2 linearly in-
dependent solutions with orbital angular momentum ℓ = 0, 1, . . . , (n − 1) with
n2 =

∑n−1

ℓ=0
(2ℓ + 1). Including the spin of the electron, we see that there are

two states for each value of (n, ℓ,m). Thus, the total degeneracy of the bound
states with principal quantum number n is 2n2. However, the above Hamilto-
nian ignores several corrections. We will consider two corrections to the above
Hamiltonian. First, we have the relativistic correction

Hrel = −
p4

8m3c2
.

This makes the energy eigenvalues pick an ℓ-dependence. In particular, it splits
the 2s and 2p degeneracy. Second, we will consider the spin-orbit coupling – this
takes into account the coupling between orbital and spin angular momentum.

Hs.o. =
e
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dA0(r)

dr

(

L · S
)

,

whereA0 = −Ze/r is the scalar potential due to the nucleus. As discussed in the
lecture, the spin-orbit coupling commutes with the total angular momentum,
J := L + S. We thus need to work in the basis, BJ , where J2 is diagonal. For
instance, the spin-orbit coupling breaks the degeneracy among the 2p states.

1. Consider the six 2p bound states. Provide explicit formulae for the 2P1/2

and 2P3/2 states.
Remark: One uses the modified spectroscopic notation, nLj, to indicate
a state with principal quantum number n, orbital angular momentum, L
(L = S,P,D,F, . . .) and total angular momentum j. Note that uppercase
letters are used to indicate the orbital angular momentum (in place of
lowercase letters). Express your answer in eV .

2. Using first-order perturbation theory, compute the relativistic corrections
to the 2s and 2p states. In particular, compute [E(2S) − E(2P )] due to
Hrel.

3. Using first-order perturbation theory, compute the difference [E(2P3/2)−
E(2P1/2)]. Express your answer in eV .

4. Taking both corrections into account, for Hydrogen, estimate which of
the states, 2S1/2 and 2P1/2 has lower energy.


