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1. Obtain the probability density that an electron in the ground state of the
hydrogen atom is found at a distance between r and r+∆r. (Note that you
will have to take into account the nontrivial integration measure in spherical
polar coordinates.) Show that this probability density has a maximum at
the Bohr radius. What is the probability of finding the electron at a radius
greater than the Bohr radius?

2. Show that the uncertainty relation for ∆x and ∆px is obeyed by an electron
in the ground state of the hydrogen atom.

3. Repeat problem 1 and 2 for an electron in the 2s and 2p states of the
hydrogen atom.

4. Consider an electron in the energy eigenstate |n, ℓ,m〉 of the hydrogen atom.
In this state, show that

〈T 〉(n,ℓ,m) = −1

2
〈V 〉(n,ℓ,m) ,

where T and V are respectively the kinetic and potential energy of the
electron. This is the quantum version of the classical virial theorem, which
states that if the potential V ∼ rk, then the averages T and V are related
by T = kV /2. Hence, show that (a0 is the Bohr radius)

〈

1

r

〉

(n,ℓ,m)

=
1

a0n2
.

5. The Hamiltonian of the hydrogen atom is, in suitable units,

H =
p2

2m
− e2

r
.

The quantum mechanical version of the Runge-Lenz vector A is given by

A =
1

2m
(p× L− L× p) − e2

r

r
,

where the ordering ambiguity in the first term has been taken care of by
appropriate (anti)symmetrisation. Show that [H,A] = 0.
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6. Consider a one dimensional potential which is such that it supports bound
states (say V (±∞) = ∞).

(a) Assume that there are two degenerate states with with energy E and
wavefunctions ψ1(x) and ψ2(x). Starting from the time-independent
Schrödinger equation, show that

ψ2(x)ψ
′
1(x) − ψ1(x)ψ

′
2(x) = constant.

(b) Fix this constant using boundary conditions.

(c) Hence prove that there are no degeneracies for one-dimensional poten-
tials.

The next problem is an explicit illustration of this idea. Classically it has
two degenerate ground states – however in the quantum theory these two
degenerate states become non-degenerate with the ground state being even
under parity.

7. Consider an one-dimensional quantum mechanical particle of mass m mov-
ing in a potential, V (x), with two harmonic wells (separated by a distance
2a)

V (x) = 1
2
mω2(|x| − a)2 .

Let φ(x) be the ground state wavefunction of a SHO of (angular) frequency
ω centred at the origin. Consider the following two trial normalized wave-
functions

ψ± = N±
(

φ(x+ a) ± φ(x− a)
)

,

where N± are (real) normalization factors. Denote by E± the expectation
value of the energy in the two states.

(a) Determine the normalization factors N±.

(b) Hence compute E± – you may express your answer in terms of the
error function, erf(y) ≡ 2√

π

∫ y

0
dt exp(−t2) after carrying out all other

integrals.

(c) In the limit ã ≡ a
ℓ
≫ 1, where ℓ =

√

~/(mω), show that

E− −E+

~ω
∼ 2ã√

π
exp(−ã2) .
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